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FORMALIZATION OF PROPOSITIONAL LINEAR
TEMPORAL LOGIC IN THE MIZAR SYSTEM

Abstract: The paper describes formalization of some issues of propositional
linear temporal logic (PLTL). We discuss encountered problems and applied
solutions. The formalization was carried out in the Mizar system. In comparison
with other systems, Mizar is famous for its large repository of computer checked
mathematical knowledge and also for its user-friendly knowledge representation
and proof language.

1. Introduction
Temporal logic [13, 6, 17] is a system of logic, whose language is enriched
with temporal connectives. The purpose of temporal logic is reasoning about
time (in philosophy), and about the behavior of systems evolving over time
(in computer science). Enrichment with temporal connectives results in economy of wording and reasoning closer to intuition than if one uses classical
ﬁrst order logic. There are various temporal logics due to the choice of temporal operators, and what model of time is used. In computer science one
usually considers propositional temporal logic with temporal operators referring only to the future and linear flow of time (isomorphic with the set of
natural numbers). The main application of PLTL in computer science is the
veriﬁcation of ﬁnite-state reactive and concurrent systems (typical examples
include microprocessors, operating systems, network protocols, etc.). One of
the veriﬁcation methods is a proof-theoretical method [18]. In this method,
veriﬁcation consists in proving a theorem expressing the desired property
(e.g. freedom from deadlocks) in a formal deductive theory. The theory
consists of formal language in which formulas are written, a set of axioms
and inference rules. Propositions specifying the veriﬁed system are joined
as premises to the theorem one is to prove. In the paper, we deﬁne such
a deductive theory, with a future plan to be able to carry out veriﬁcation
by this method.
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Mizar is the name of a formal language designed by Andrzej Trybulec for writing strictly formalized mathematical deﬁnitions and proofs, but
is also used as the name of a computer program which is able to check
proofs written in this language [9, 15, 19, 1]. Mizar language is similar to
the language used in mathematical texts. This makes it an attractive tool
for mathematicians who do not have to put much eﬀort in mastering it,
gainig the opportunity to check their texts by a machine. Texts written
in Mizar (called articles), positively veriﬁed by the program and positively reviewed by people, are added to the Mizar database of mathematical
knowledge (Mizar Mathematical Library – MML for short). Currently, MML
contains over 1,100 articles with more than 50,000 proved theorems, and
almost 10,000 deﬁnitions of various ﬁelds, mostly from mathematics, but
also computer science. It is considered to be the largest such database in
the world. The list of most important theorems (available at [3]) includes,
among others:
• The Fundamental Theorem of Algebra
• The Fundamental Theorem of Arithmetic
• The Fundamental Theorem of Calculus
• The Jordan Curve Theorem
• The Gödel Completeness Theorem
There is also deﬁned Armstrong’s deductive system in MML, used to infer
all the functional dependencies on a relational database.
As an example of readability of Mizar text and its similarity to standard
mathematical language let us present the proof of one of the set theory
properties:
X /\ (Y \/ Z) c= (X /\ Y) \/ (X /\ Z)
proof
let x be set;
assume A1: x in X /\ (Y \/ Z);
then x in Y \/ Z by XBOOLE 0:def 4;
then A2: x in Y or x in Z by XBOOLE 0:def 3;
x in X by A1, XBOOLE 0:def 4;
then x in X /\ Y or x in X /\ Z by A2, XBOOLE 0:def 4;
hence x in (X /\ Y) \/ (X /\ Z) by XBOOLE 0:def 3;
end;
The symbols /\, \/, c=, in, or denote in Mizar the conventional ones: ∩,
∪, ⊆, ∈, ∨. Expressions of the form: by XBOOLE 0:def 4 are justiﬁcations
with theorems contained in MML or local (labeled) propositions. set is the
broadest type in the Mizar system. Any object extends to the type set.
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The purpose of formalization is primarily to build a digital database of
computer-checked mathematical knowledge. The advantages of such database in comparison with mathematics literature can not be overestimated.
The knowledge is stored in one place. It is easier to access, search, process
and, most importantly, it has a computer guarantee of correctness. It can
also be used for didactic purposes [14, 5].
Formalization is often a tedious activity. Frequently, coding based on
paper publication cannot be done directly. Deﬁnitions are not precise and
formal, proofs (among others, of trivial facts that turn out not necessarily to
be trivial) are left to the reader. It happens that the construct of a deﬁnition
or a proof can not be introduced due to the limitations of a proof-checker
system and the user has to invent an equivalent one. Much also depends on
what is already formalized in the database of the system. If it lacks basic
knowledge in a given ﬁeld, one, at ﬁrst, has to introduce it and after that
can deal with desired formalization.
The formalization carried out by the author is based mostly on [13,
Ch. 2, 3]. There are basics of propositional linear temporal logic with only
future-referring connectives in these chapters. We deﬁned syntax and semantics of language of this logic (Sec. 2). An axiomatic system of this logic
was introduced (Sec. 3). We proved the soundness theorem and the deduction theorem for this system (Sec. 4, 5). Additionally, numerous minor
lemmas and facts were proved. In each section, ﬁrst, what was formalized
is presented, and then how the formalization was carried out is described
together with encountered problems and solutions applied. The Mizar code
of the formalization is available in [7]. It can be accessed in the MML as the
Mizar article with the identiﬁer LTLAXIO1.
The carried out formalization extends knowledge on temporal logic already stored in the MML (see 2.2.3).

2. The language of PLTL
2.1. What was formalized
Definition 1.
Syntax of P LT L
φ ::=⊥ | pl |(φ ⇒ φ)|(φ Us φ)
pl ::= p | pl′
⊥ is the constant false, pl is a propositional letter (for readability we denote
propositional letters by p1 , p2 , p3 , . . . or p, q, r instead of p, p′ , p′′ , . . .), ⇒
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is a classical connective called implication, and Us is a temporal connective
called strong until. Others classical and temporal connectives are introduced
as abbreviations:
Abbreviation.
def
¬φ = (φ ⇒⊥)(negation)
def

⊤ = ¬⊥ (constant true)
def

φ1 ∨ φ2 = (¬φ1 ⇒ φ2 )(disjunction)
def

φ1 ∧ φ2 = ¬(φ1 ⇒ ¬φ2 ) (conjunction)
def

φ1 ⇔ φ2 = (φ1 ⇒ φ2 ) ∧ (φ2 ⇒ φ1 ) (equivalence)
def

X φ = (⊥ Us φ) (next)
def

φ1 U φ2 = φ2 ∨ (φ1 ∧ (φ1 Us φ2 )) (weak until)
def

G φ = φ ∧ ¬(⊤U ¬φ) (global)
def

F φ = ¬G ¬φ (future)
def

φ1 R φ2 = ¬(¬φ1 U ¬φ2 ) (release)
Definition 2.
Let P L be a set of all propositional letters. A model is a function
M : N −→ 2P L , where N is a set of natural numbers.
Definition 3.
The satisfaction of a PLTL formula φ in model M at time point n ∈ N
(M, n |= φ) is deﬁned inductively as follows:
1. M, n 6|= ⊥, for every n ∈ N
2. M, n |= pl iﬀ pl ∈ M(n)
3. M, n |= φ1 ⇒ φ2 iﬀ M, n 6|= φ1 or M, n |= φ2
4. M, n |= φ1 Us φ2 iﬀ
there exists i ∈ N, i > 0: M, n + i |= φ2 and
for every j ∈ N, 1 6 j < i: M, n + j |= φ1
According to the above deﬁnition, the semantics of temporal connectives
introduced as abbreviations is as follows:
1. M, n |= Xφ iﬀ M, n + 1 |= φ
2. M, n |= Gφ iﬀ for every i ∈ N, i > 0: M, n + i |= φ
3. M, n |= Fφ iﬀ there exists i ∈ N, i > 0: M, n + i |= φ
4. M, n |= φ1 U φ2 iﬀ
there exists i ∈ N, i > 0: M, n + i |= φ2 and
for every j ∈ N, j < i: M, n + j |= φ1
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5. M, n |= φ1 R φ2 iﬀ
there exists i ∈ N, i > 0: M, n + i |= φ1 and
for every j ∈ N, j ≤ i: M, n + j |= φ2
or
for every i ∈ N: M, n + i |= φ2
Definition 4.
A formula φ is valid in model M (denoted: M |= φ) iﬀ for every n ∈ N:
M, n |= φ
2.2 The formalization
2.2.1. Syntax

The formulas of PLTL are deﬁned as ﬁnite sequences of natural numbers
with the use of Polish notation (preﬁx notation). ⊥ is the sequence h0i,
propositional letters are sequences of the form hni, where n > 3, implications
are sequences whose the ﬁrst element is 1, and strong until formulas are
sequences whose the ﬁrst element is 2 [7, see synonyms].
Definition 5.
The set of PLTL formulas is the set D such that:
1. h0i ∈ D
2. if n > 3, then hni ∈ D
3. if φ1 , φ2 ∈ D, then h1ia φ1 a ψ2 ∈ D
4. if φ1 , φ2 ∈ D, then h2ia φ1 a ψ2 ∈ D
5. for every set D′ satisfying 1–4 holds D ⊆ D′ ,
where a is a concatenation of sequences. The set D is therefore the smallest
set satisfying 1–4.
Example 6.
Let p, q, r be, respectively, sequences h3i, h4i, h5i. The formula
(p ⇒ q) Us r is represented by the sequence h2, 1, 3, 4, 5i. The formula p U q,
after unfolding abbreviations: (q ⇒ ⊥) ⇒ ((p ⇒ ((p Us q) ⇒ ⊥)) ⇒ ⊥), is
represented by the sequence h1, 1, 4, 0, 1, 3, 1, 2, 3, 4, 0, 0i.
This method of deﬁning the set of formulas of a language (i. e. as ﬁnite
sequences of natural numbers) has been used, among others, in [8] for the
language of classical propositional logic without negations (PPL).
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Definition 7.
Syntax of PPL
φ ::= ⊤| pl |(φ ⇒ φ)|(φ ∧ φ),
pl ::= p | pl′ .
⊤ is the sequence h0i, propositional letters are sequences of the form
hni, where n > 3, implications are sequences whose ﬁrst element is 1, and
conjunctions are sequences whose ﬁrst element is 2. In terms of syntax the
language of PLTL is no diﬀerent from the language of PPL (⊥ corresponds
to ⊤, Us corresponds to the binary connective ∧, and the other two symbols
pl and ⇒ are the same). Thus, the deﬁnition of PLTL was not introduced
from the beginning, repeating the deﬁnition of PPL but there was used
one of the features of Mizar language allowing to deﬁne synonyms. The
language of PLTL was deﬁned as a synonym for PPL. Thanks to this, the
deﬁnition took only a few lines of code [7, see synonyms] and it also allowed
to make use of several theorems proved in [16], among others, the principal
of structural induction for PPL which licenses the deﬁnition of function
with domain PPL by structural recursion. Proving the analogous principle
for PLTL would take about several hundred lines of code.
Abbreviations of other connectives were introduced as functors with
the equals construct [9, p. 18]. The Mizar code for the connective U is as
follows:
definition let p, q be Element of LTLB WFF ;
func p ’U’ q -> Element of LTLB WFF equals :: LTLAXIO1:def 8
q ’or’ (p ’&&’ (p ’Us’ q));
end;
where LTLB WFF denotes the set of PLTL formulas, ’or’ denotes ∨, and
’&&’ denotes ∧.
2.2.2. Semantics

It was not possible to formalize the concept of satisfaction directly as it
is placed conventionally in literature, i.e., as a recursive predicate (def. 3),
due to the fact that Mizar does not allow for this kind of deﬁnitions. However, the Mizar system allows deﬁning recursive functions, and with the use
of the recursive function SATM the satisfaction was deﬁned [7, def. 11]:
Definition 8.
M, n |= φ iﬀ SATM (n, φ) = 1,
where SATM is deﬁned as follows:
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Definition 9.
Let M be a model. SATM : N × P LT L → {0, 1} is a function satisfying
the following conditions:
1. SATM (n, ⊥) = 0, for every n ∈ N
2. SATM (n, pl) = 1 iﬀ pl ∈ M(n)
3. SATM (n, φ1 ⇒ φ2 ) = 1 iﬀ imp(SATM (n, φ1 ), SATM (n, φ2 )) = 1
4. SATM (n, φ1 Us φ2 ) = 1 iﬀ
there exists i ∈ N, i > 0: SATM (n + i, φ2 ) = 1 and
for every j ∈ N, 1 6 j < i: SATM (n + j, φ1 ) = 1,
where imp is the Boolean function of implication deﬁned in [2].
The notion of validity in model is then deﬁned directly as the deﬁnition 8
says. The Mizar code of the deﬁnition of validity is as follows:
definition
let M be LTLModel;
let p be Element of LTLB WFF;
pred M |= p means :: LTLAXIO1:def 12
for n being Element of NAT holds (SAT M).[n,p] = 1;
end;
The function SATM was deﬁned as a functor which required proving of
correctness conditions, i. e., showing that such an object exists (existence
condition) and is uniquely determined (uniqueness condition) [9, p. 17].
There is no general theorem which licenses deﬁnition of function by structural recursion. Each case requires a separate proof. In this paper, we made
use of the fact that PLTL is syntactically synonym of PPL and the theorem
about the existence of a recursive function over the set of PPL formulas [16]
was applied.
There were proved theorems [7, Th. 5–13] about the correctness of semantics of connectives introduced as abbreviations (def. 3). The Mizar code
for temporal operator G is as follows:
theorem :: LTLAXIO1:10
for A being Element of LTLB WFF
for n being Element of NAT
for M being LTLModel holds
((SAT M).[n,(’G’ A)] = 1 iff
for i being Element of NAT holds (SAT M).[(n+i),A]=1
)
13
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2.2.3. Related Work

There are three Mizar articles concerning temporal logic in MML:
MODELC 1 (on computational tree logic) [10], MODELC 2 (on propositional linear time temporal logic) [11] and MODELC 3 (on programs veriﬁcation with
the use of Büchi automaton) [12]. In [11] there was deﬁned the following
syntax of PLTL:
φ ::= pl |¬φ| (φ ∧ φ) | (φ ∨ φ) | Xφ | (φ U φ) | (φ R φ)
pl ::= p | pl′
Adding to the language connectives, which can be introduced as abbreviations results in extension of proofs. For example, if one wants to use the
principal of structural induction, instead of two cases (two connectives) one
has to consider six (for each connective). So, the author of this paper decided to redeﬁne the language of PLTL introducing the optimal number of
connectives. In [11] formulas of PLTL are also formalized as ﬁnite sequences
of natural numbers with the use of Polish notation. However, the set of these
formulas, introduced in [11, def. 9], can be formalized in a shorter and more
readable way using the Mizar concept of attributes [9, p. 15]. That was done
in [8] for PPL and we based our deﬁnition (def. 5) for PLTL on the solution.
Semantics of PLTL is deﬁned in [11] by abstract algebra with operations corresponding to connectives. The deﬁnition is complex and far from
the conventional one known from literature. So, we decided to introduce
a new deﬁnition (def. 9) which seems to be as close as possible to the conventional one.
3. Axiomatization
3.1. What was formalized
3.1.1 Axioms

The set of axioms consists of:
(A1) all tautologies of classical propositional logic of the PLTL language
and all the formulas of the form:
(A2) ¬Xφ ⇔ X¬φ
(A3) X(φ1 ⇒ φ2 ) ⇒ (Xφ1 ⇒ Xφ2 )
(A4) Gφ ⇔ φ ∧ XGφ
(A5) φ1 Us φ2 ⇔ Xφ2 ∨ X(φ1 ∧ (φ1 Us φ2 ))
(A6) φ1 Us φ2 ⇒ XFφ2
14
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A formula is of the form of (A1) if it results from a tautology of classical
propositional logic by consistently replacing the propositional letters of the
tautology by formulas of PLTL.
Example 10.
The formula Xp ∨ ¬Xp is of the form of (A1). It results from the tautology p ∨ ¬p by replacing p by Xp.
Axioms of the form of (A2) assert linearity of time, (A4), (A5) are the
ﬁxpoint characterizations of operators G and Us, respectively, and axioms
of the form of (A6) indicate that the strong version of until is used.
3.1.2. Inference rules

There are three inference rules:
(MP):

φ1 , φ1 ⇒ φ2 /φ2

(NEX):

φ / Xφ

(IND):

φ1 ⇒ φ2 , φ1 ⇒ Xφ1 / φ1 ⇒ Gφ2

3.2. The formalization
3.2.1. Axioms

Formalization of the axioms of the form (A1) directly from [13] would
require, among others, a deﬁnition of replacing operation and a deﬁnition
of a subformula. We have deﬁned these axioms in another equivalent way,
seemingly easier and shorter in formalization. We have used a modiﬁed
zero-one method for veriﬁcation whether a formula is a classical propositional logic tautology. The modiﬁcation consists in the fact that we valuate
all the formulas (in particular case also propositional letters) being an argument of an implication but not being an implication themselves. In other
words, we valuate ⊥, propositional letters and until formulas, only if they
are arguments of an implication (the only classical connective of PLTL).
The exception is the ⊥ formula which is always valuated by 0. Then, we
calculate the value of the veriﬁed formula in accordance with the Boolean
function of implication. If, at any such valuation, the value is 1, the formula
is of the form (A1), otherwise it is not. If a veriﬁed formula is not an implication, we valuate the whole formula. So this type of formula is not of the
form (A1), because its value can be 0.
Formalization was carried out in two steps. First, we deﬁned the function Vf for calculating the value of the formula:
15
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Definition 11.
Let f : P LT L → {0, 1} be a function and φ be a formula of
PLTL. The value of the formula φ at valuation f calculates the function
Vf : P LT L → {0, 1} such that:



 0,

if φ =⊥
f (φ),
if φ ∈ pl or φ = φ1 Us φ2


 imp(V (φ ), V (φ )), if φ = φ ⇒ φ
f
1
f
2
1
2
where imp is the Boolean function of implication deﬁned in [2], and then
we deﬁned the formulas of the form of (A1) as follows:
Vf (φ) =

Definition 12.
A formula φ is of the form of (A1) iﬀ for every function
f : P LT L → {0, 1} holds Vf (φ) = 1.
The function f valuates any formula, but Vf uses only the values that f
assigns to propositional letters and until formulas which are not arguments
of an implication. If we do not need all values of f , then we could restrict the
domain of f to the set of propositional letters and until formulas, but it is not
necessary. It is always better to have for an object as broad type as possible.
Some diﬃculty in understanding this deﬁnition can cause the fact that f can
assign 1 to ⊥, while Vf always assigns 0. However, there is no inconsistency,
because this particular value of f is not used by Vf . The restriction of
a function f would be worth to consider in case of implementation of the
method, it could aﬀect how long the program would run.
Example 13.
The formula Xp ∨ ¬Xp is of the form of (A1). We evaluate the function
Vf for the formula:
Vf (Xp ∨ ¬Xp) = Vf (((⊥Us p) ⇒⊥) ⇒ ((⊥Us p) ⇒⊥))
= imp(imp(f (⊥Us p), 0), imp(f (⊥Us p), 0)
and we have:
if f (⊥Us p) = 0,
then Vf (Xp ∨ ¬Xp) = imp(imp(0, 0), imp(0, 0)) = imp(1, 1) = 1,
and also
if f (⊥Us p) = 1,
then Vf (Xp ∨ ¬Xp) = imp(imp(1, 0), imp(1, 0)) = imp(0, 0) = 1.
The function Vf is recursive. As in the deﬁnition of the function SATM ,
we had to show that such a function exists and we also used the principal
of structural induction proved in [16]. The Mizar code of the deﬁnition of
Vf (denoted in Mizar as: VAL f) is as follows:
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definition
let f be Function of LTLB WFF,BOOLEAN;
func VAL f -> Function of LTLB WFF,BOOLEAN means
:: LTLAXIO1:def 15
for A, B being Element of LTLB WFF
for n being Element of NAT holds
(it.TFALSUM = 0 & it.(prop n)=f.(prop n) &
it.(A=>B)=(it.A)=>(it.B) &
it.(A ’Us’ B)=f.(A ’Us’ B));
correctness;
end;
The set of axioms is deﬁned as the smallest subset AKS of the set of PLTL
formulas, i.e., the set satisfying the following conditions:
1. If φ is of the form of A1, then φ ∈ AKS
2. If φ is of the form of A2–A6, then φ ∈ AKS
3. for every set AKS ′ satisfying 1–2 holds AKS ⊆ AKS ′
3.2.2. Inference rules

The rules were deﬁned as relations on the set of PLTL. The deﬁnition
of the MP-rule is as follows:
(φ1 , φ2 , φ3 ) ∈ M P iﬀ φ2 = φ1 ⇒ φ3
The Mizar code of the deﬁnition is as follows:
definition
let p,q,r be Element of LTLB WFF ;
pred p,q MP rule r means :: LTLAXIO1:def 19
q = p => r;
end;

4. The Soundness Theorem
Theorem.
For every set of formulas F and a formula φ holds: if F ⊢ φ, then F  φ.
The Mizar code of the theorem is as follows:
theorem
for A
for F
holds

:: LTLAXIO1:41
being Element of LTLB WFF
being Subset of LTLB WFF st F |- A
F |= A;
17
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Semantic consequence, F  φ, introduces the following deﬁnition:
definition
let F be Subset of LTLB WFF;
let p be Element of LTLB WFF ;
pred F |= p means :: LTLAXIO1:def 14
for M being LTLModel st M |= F holds M |= p;
end;
A set of formulas F is valid in model M (denoted in Mizar: M |= F) iﬀ
every formula being element of F is valid (as stated in def. 4) in model M.
Syntactic consequence, F ⊢ φ (a derivation of a formula φ from a set
of formulas F) is deﬁned conventionally, i.e. as a ﬁnite sequence of formulas
such that:
• elements of the sequence are: axioms or elements of the set F or formulas
derived from the earlier element(s) by inferences rules
• the last element of the sequence is the formula φ.
The proof of the theorem is based on [13]. From assumption, we have that
there exists a ﬁnite sequence of formulas f (as described above) such that
the last element of the sequence is φ. Then, we prove that for every element
of the sequence f holds F |= fi , where 1 6 i 6 |f |, applying the following
induction rule [4, sch. 4]:
∀i ∈ N P (i) iﬀ ∀i ∈ N (∀k ∈ N (k < i ⇒ P (k)) ⇒ P (i)), (indrule)
def

where predicate P (i) is deﬁned as P (i) = F |= fi
Since P (i) holds for every element of the sequence f , it also holds for
the last element and the thesis is proved. The proof required considering
all the cases of what fi can be. For each case, semantic consequence was
showed [7, Th. 24–27, 37]:
• any axiom is semantic consequence of F
• any element of F is semantic consequence of F
• for each of the rules of inference: if the premises is semantic consequence
of F, then so is the conclusion.

5. The Deduction Theorem
Theorem.
For every set of formulas F and formulas φ1 , φ2 holds: if F ∪ {φ1 } ⊢ φ2 ,
then F ⊢ Gφ1 ⇒ φ2 .
The Mizar code of the theorem is as follows:
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theorem :: LTLAXIO1:57
for p,q being Element of LTLB WFF
for F being Subset of LTLB WFF st F \/ {p}|- q
holds F|-(’G’ p) => q;
The proof of the theorem [13] is analogous to the previous one. From assumption, we have that there exists a ﬁnite sequence of formulas f such
that the last element of the sequence is φ2 . Then, we prove that for every
element of the sequence f holds F ⊢ Gφ1 ⇒ fi , where 1 6 i 6 |f |, applying
induction rule (indrule). We deﬁne P (i) as follows:
def

P (i) = F ⊢ Gφ1 ⇒ fi .
Since P (i) holds for every element of the sequence f , it also holds for the
last element and the thesis is proved.
Sketch of the proof:
We consider all the cases of what fi can be:
1. The formula fi ⇒ (Gφ1 ⇒ fi ) is an axiom of the (A1) form, so
F ⊢ fi ⇒ (Gφ1 ⇒ fi ). If fi is an axiom or fi ∈ F, then F ⊢ fi .
Then, we infer P (i) applying (MP) rule.
2. The formula Gφ1 ⇔ φ1 ∧ XGφ1 is an axiom of the (A4) form, so
F ⊢ Gφ1 ⇔ φ1 ∧ XGφ1 . If fi = φ1 , then we infer P (i) applying (MP)
rule and the classical logic tautology (particular case of (A1)).
3. If fi is derived from a inference rule, e.g., (NEX) rule, then there exists
j < i: fi = Xfj . P (j) holds under the assumption of the induction.
Then, we infer F ⊢ Gφ1 ⇒ Xfj applying successively:
• the NEX rule: F ⊢ X(Gφ1 ⇒ fj )
• axiom of the (A3) form and the MP rule: F ⊢ XGφ1 ⇒ Xfj
• axiom of the (A4) form, the classical tautology and the MP rule:
F ⊢ Gφ1 ⇒ XGφ1
• axiom of the (A1) form (transitivity of implication) and the MP
rule
4. If fi is derived from the (MP) or (IND) rule, we proceed by analogy to
p. 3.
The proof required showing numerous minor facts (sometimes trivial),
among others:
• every axiom is syntactic a consequence of any set of formulas [7, Th. 42]
• for each of the rules of inference: if the premises is a syntactic consequence of a set of formulas, then so is the conclusion [7, Th. 43–45]
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• if φ1 ⇒ φ2 is a classical propositional logic tautology and φ1 is a syntactic consequence of a set of formulas, then so is φ2 . For example, if
F ⊢ p ⇒ q ∧ r, then F ⊢ p ⇒ q. This property and others of this kind
were derived from the MP-rule and the formulas of the form of (A1)
[7, Th. 46–52]
The Deduction Theorem of classical propositional logic does not hold generally in PLTL.

6. Future Work
To ﬁnish formalization of the deductive system of PLTL, the completeness theorem must be proved: if F  φ, then F ⊢ φ. Formalization of deductive systems for other temporal logics (CTL – Computational Tree Logic,
CTL* – a combination of PLTL and CTL) would be a valuable extension of
the MML database. Another valuable extension would be Mizar articles on
speciﬁcation of hardware and software. Then, having a deductive system and
being able to formalize speciﬁcation, Mizar could be used as a tool for hardware and software veriﬁcation by proof-theoretical method, i.e., by proving
the theorem expressing the desired property (e.g. mutual exclusion) in the
deductive system. The correctness of the proof would be computer checked
(by Mizar).
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