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Abstract. The aim of the paper is to present rough granular methodology as
a promising and serviceable tool in modelling of both social agents, interacting
under uncertain and incomplete information, as well as systems of such agents.
In this article, we focus upon information granules and fundamentals of the
rough set theory. An agent’s architecture in terms of rough information granules,
discussed in part in [23], and other special issues concerning social agent system
modelling will be considered elsewhere.

1. Introduction
Modelling and analysis of social agent systems have been attracted
many researchers not only in social sciences but also in scientiﬁc disciplines
and research ﬁelds to which investigation of social phenomena was primarily considered as irrelevant, to mention computer science. The fundamental
notion focusing the attention of a vast number of researchers is agent. Apart
from traditional interests in studying individual or collective human agents,
institutions, companies, and the nature, there is a rapidly growing interest
in investigation of populations of animals (e.g., ants, bees, or birds), artiﬁcial agents like robots or computer programs, and various kinds of collective
agents (e.g., teams consisted of human agents and intelligent computer programs). In general, an agent is an autonomous object able to act on behalf
of others or for itself.
A number of types of agents can be observed, and it would be too
hard – or even hardly possible – to give a complete typology here. As regarding agents’ attitude to activity, pro-active (or goal-oriented) and reac* This work is dedicated to Ewa Roszkowska with whom the author collaborated on
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tive agents can be distinguished. Pro-active agents are goal-driven, whereas the causes for activity of reactive agents are events. We can also say
about goal-oriented agents that they act according to consequentialist (or
instrumental-rationality) modality as they mainly or solely pay attention to
the realization of their goals and to achieving the best outcomes. To the
contrary, normatively-oriented agents pay attention to or judge on the basis
of norms and qualities of actions. There are also other action modalities like
routine (habitual) modality, symbolic communication and rituals, play, and
emotionally-driven acting [7, 9, 12]. Social agents, i.e., agents which interact
with others can be cooperative or not. However, by socially-oriented agents
we mean agents taking into account interests of others, i.e., agents which
are not pure egoists. By a cognitive agent, we understand an agent with
cognitive faculties like understanding, reason, judgment, perception, learning, adaptation, and so on. Such agents can have beliefs and knowledge.
Where reason or adaptation are, for example, of particular interest, we can
speak of reasoning agents or adaptive agents, respectively. Agents relying
mainly on reason in their acting are called rational. By an intelligent agent
we mean an agent granted or having developed some form of intelligence, so
intelligent agents are cognitive as well. Modelling of emotionally-embedded
agents and intention-driven agents are also of interest in the present agent
technology [13, 14, 15]. From the standpoint of social sciences, studying of
social systems of human agents is, of course, of the primary concern. On the
other hand, computer scientists are mainly interested in systems of artiﬁcial
agents or in mixed systems constituted both of human and artiﬁcial agents.
Real-life social systems and advanced systems of artiﬁcial or half-artiﬁcial agents are complex systems being subject to frequent changes and
modiﬁcations. Usually, agents have to act and interact under incomplete,
uncertain, and vague information about the situation of interaction, other
participants, and even themselves. Also, agents have limited abilities (i) to
identify the situation of interaction, the involvement of particular agents in
this situation, the roles to be played, and the goals to be achieved, (ii) to
predict the behaviour of others and the results of interaction, (iii) to make
proper decisions, (iv) to perform the actions determined, etc., so the issue
of modelling of such systems seems to be highly complicated or even intractable. As a matter of fact, traditional tools of mathematics, logic, and
computer science turned out to be insuﬃcient and often inadequate for the
purpose of modelling of complex systems of agents working under uncertain
and incomplete information. Soft computing methods like, e.g., rough sets,
fuzzy sets, and neural networks are designed to deal just with imprecise, vague, and incomplete information. Usage of these or similar methods seems
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to be a reasonable and proper thing to do. In this paper, we propose a rough
granular approach, where methods and tools of granular computing, based
on recent achievements of rough set theory, are used.
The notion of a rough set was introduced by Pawlak in the early 80’s
of the 20th century as a result of research on approximate classiﬁcation of
objects in information systems [39, 40, 41, 42, 44]. The theory and the methodology of rough sets, worked out by Pawlak and other researchers, are
suitable for dealing with vague and incomplete information, and are applicable to a vast number of problems like data and concept analysis, classiﬁcation and, in particular, decision making, generation of classiﬁcation and
association rules, synthesis and analysis of complex objects, ontology formation, analysis of conﬂicts, reasoning under uncertainty, and many others.
Rough set methods are based on Boolean reasoning, and the typical example of a rough set problem to which Boolean reasoning can be employed is
computation of minimal reducts of the set of attributes of an information
system. This problem is known to be NP-hard [58]. Since this one and many
other problems faced in knowledge engineering are computationally hard,
people search for heuristics which are computationally much more attractive although they provide us with suboptimal and approximate solutions
only.
In general, we aim at modelling of social, cognitive, and communicating agents, either natural or artiﬁcial. From our perspective, agents and
their systems are complex objects which can be represented by rough information granules. In this article, we just present information granules as a
promising tool for agent system modelling. Some attempts to use information granules in social agent system modelling have been already made, see,
e.g., research articles on representation of human agents – either individual
or collective ones – and on explanation of social interactions of such agents
in terms of rule complexes [7, 9, 10, 11, 12, 20, 22, 23]. As regarding the
agent architecture, an agent may be viewed as a complex structure built
of rough information granules, and similarly for a multiagent system. Rules
of some knowledge representation language play an important role here as,
on one hand, they can be used as labels for information granules and, on
the other hand, they are themselves objects to form information granules.
An agent’s knowledge and belief bases, value and norm systems, judgment
system, classiﬁcation procedures, and (inter)action modules can be modelled as information granules consisting of rules. Schemes of interaction and
systems of agents can also be viewed as such granules. However, representation of agents and their systems in terms of granules is only one issue in our
agenda. The list of important questions is much longer, for instance, how
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agents reason, judge, and understand in an approximate way, how they follow rules, determine (inter)actions, and interact, how agents communicate
with and understand one another, as well as how they derive procedures
for collective classiﬁcation of objects (and in particular, decision making).
Formation of rough ontologies of concepts is another interesting research
problem [37, 64]. It is already known that using sensory data as the only
source of information is insuﬃcient for learning complex concepts, so agents
are assumed to have some domain knowledge as well. Examples of sources of
domain knowledge are teachers, socio-cultural traditions, codes, handbooks,
various know-how books, and web pages.
Throughout the paper, the power set of a set X, the cardinality of X,
and the Cartesian product X × X will be denoted by ℘X, #X, and X 2 ,
respectively. As usual, ◦ will denote composition of relations. The propositional connectives of conjunction and disjunction will take the precedence
of implication and double implication. A family X of non-empty subsets of
S
X is a covering of X if X = X. A covering X is called a partition of X in
case for any Y, Z ∈ X , Y ∩ Z 6= ∅ implies Y = Z.
Given a set X and a binary relation ̺ ⊆ X 2 , the image and the co-image
of a set Y ⊆ X, ̺→ Y and ̺← Y , respectively, are deﬁned along the standard
lines. In particular, for any x ∈ X,
̺→ {x} = {y ∈ X | (x, y) ∈ ̺} & ̺← {x} = {y ∈ X | (y, x) ∈ ̺}.

(1)

Every reﬂexive relation ̺ on X (i.e., every ̺ ⊆ X 2 such that ∀x ∈ X.
(x, x) ∈ ̺) determines a covering of X, viz., {̺← {x} | x ∈ X}. In the context
of approximation spaces, reﬂexive relations are called similarity relations as
well. Furthermore, ̺ is symmetric if ∀x, y ∈ X.((x, y) ∈ ̺ ⇒ (y, x) ∈ ̺).
It is worth mentioning that ̺ is symmetric if and only if ̺ is equal to its
converse relation ̺−1 . Relations being both reﬂexive and symmetric are
referred to as tolerance relations. Obviously, every tolerance relation is also
a similarity relation. In the sequel, ̺ is transitive if ∀x, y, z ∈ X.((x, y) ∈
̺ & (y, z) ∈ ̺ ⇒ (x, z) ∈ ̺). Transitive tolerance relations are known as
equivalence relations. In this case, ̺← {x} is called the equivalence class of
x and denoted by [x]̺ (or, simply, [x] if ̺ is understood) 1. The covering of
X determined by ̺, {[x]̺ | x ∈ X}, is the partition of X. Moreover, there
is a one-to-one correspondence between the set of all equivalence relations
on X and the set of all partitions of X. Within the framework of rough sets
and Pawlak’s information systems, equivalence relations on the universe of
objects are understood as indiscernibility relations.
1

178

Note that ̺← {x} = ̺→ {x} by symmetry of ̺.

Rough Information Granules in Social Agent System Modelling
The rest of the paper is organized as follows. In Sect. 2, a general notion
of an information granule is introduced. Granules in Pawlak’s information
systems and neighbourhoods of objects are discussed in Sect. 3. Formulas
and rules of a description language as labels for information granules are
presented in Sect. 4. Next, rule complexes and, in particular, rough classiﬁers
are recalled in Sect. 5. Section 6 contains remarks on collective agents and,
in particular, economic clusters. In the sequel, the classical Pawlak rough
set model is described in Sect. 7. Section 8 is devoted to two of several
extensions of this model. The last section contains a brief summary.

2. Information Granules
The notion of an information granule (or simply, granule) was introduced by Zadeh in the context of fuzzy set analysis of complex systems [77],
and elaborated in a series of research articles [52, 53, 61, 62, 63, 65, 66, 72,
78, 80]. According to Zadeh’s proposal, an information granule is a clump
of objects of some class, drawn together on the basis of indiscernibility, similarity, or functionality. In fact, the term ‘indiscernibility’ may be dropped
since the property of being indiscernible is a particular, “perfect” case of
being similar.
The deﬁnition of a granule leaves a lot of freedom as regarding the
interpretation. By way of example, a set of objects X is often viewed as
an information granule if all members of this set are similar to a given
distinguished object, say u. Calling X an information granule is justiﬁed
since all elements of X function as ‘objects similar to u’. From another
standpoint, X is treated as a granule formed on the basis of similarity,
yet similarity is understood as similarity with respect to u. Also, a granule may consist of objects of varied sorts like rules and sets of rules. Rule
complexes used to model agents as well as their systems and interactions
in generalized game theory, proposed and developed by Burns and his collaborators [7, 9, 10, 11, 12, 20, 22, 23], are examples of such heterogeneous information granules. The inner structure of granules does not matter,
either. From the mathematical point of view, granules may be ordinary sets
of objects, ordered sets of objects, sequences of objects, tables of objects,
and so on. However, not every set of objects is treated as a granule. What
really matters is the reason (viz., similarity or functionality) for drawing
objects together.
The idea of computing with granules of objects instead of single objects, also attributed to Zadeh [77, 78, 79, 80], has found a number of fol179
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lowers (see, e.g., [22, 31, 35, 52, 53, 75, 81]). Recently, granular computing
is a dynamically developing and expanding research area which makes use
of various methods and tools, e.g. those oﬀered by rough set theory, fuzzy
set theory, or neural networks. Methods of granular computing not only serve the purpose of modelling of complex objects like agents and systems of
agents but they are also suitable for speciﬁcation and solving of a variety
of research problems related to functioning of such objects. Computing with
words (CW for short), appearing in the literature in connection with granular computing, is a step in performing computations on granules. Words
are simply linguistic labels for information granules, for example, a formula
may serve as a label for the set (i.e., granule) of all objects satisfying the
formula. In computing with words, we manipulate with labels of granules
instead of numbers, and – as pointed out by Zadeh [79] –
“[t]here are two major imperatives for computing with words. First, computing
with words is a necessity when the available information is too imprecise to justify the use of numbers. And second, when there is a tolerance for imprecision
which can be exploited to achieve tractability, robustness, low solution costs
and better rapport with reality. Exploitation of the tolerance for imprecision
is an issue of central importance in CW.”

Objects to be modelled by granules are creatures or productions which
undergo various changes and modiﬁcations, and therefore transformation of
granules is an important issue in granular computing. Such questions are
addressed as how given granules are related to one another (inclusion, closeness, similarity), formation of new granules from elementary objects and/or
granules already obtained (aggregation, decomposition), expansion, contraction, and revision of granules. As a result of aggregation, a new granule is
obtained from given granules. To the contrary, decomposition of a granule
leads to a collection of granules derived from the primary granule. The last
three forms of transformation are named by us after well-known operations
of belief change [3, 18]. Brieﬂy speaking, expansion of a granule X consists in
extending it with an object or a granule of objects as opposite to contraction
of X, where some objects or granules are removed from X. Revision of X
by an elementary or compound object is a composition of contraction with
expansion. In particular, revision can take the form of replacement, where
an object being a member or a part of X is replaced by another object.
Operations on granules are constrained by conditions specifying numerical
or symbolic values of variables. So, for instance, a constraint may say that
the result of an aggregation of granules should be a granule close to the
degree at least t to a given exemplary granule X, where t is a real number
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from the unit interval, or that the resulting granule should diﬀer from X as
little as possible.
The deﬁnition of the notion of an information granule covers a broad
class of cases. Examples of information granules are sets of similar rows
in Pawlak information systems or, in other terms, sets of similar objects
of the system, sets of neighbourhoods of objects, concepts in approximation spaces and approximations of these concepts, pairs of sets of objects
satisfying premises and conclusion(s) of a rule, respectively, sets of rules
like algorithms and classiﬁers, rule complexes representing agents and games [20, 22, 23], computational grids (i.e., collections of distributed resources which can be used to execute large-scale computations), coalitions and
teams of cooperating agents, and economic clusters [6, 56, 57]. In the following sections, we give more details about some cases of information granules
just mentioned.

3. Granules in Pawlak’s Information Systems
The notion of an information system (IS for short) was introduced by
Pawlak [39, 42]. In a recent formulation, an information system is a pair
A = (U, A) of ﬁnite non-empty sets of objects and attributes, respectively.
The set of all objects considered, U , is the universe of A. Henceforth,
elements of U (resp., A) will be denoted by u (resp., a), possibly with
sub/superscripts. Each attribute a is viewed as a mapping a : U 7→ Va
S
which assigns to every object u, a value a(u) ∈ Va . Let V = {Va | a ∈ A}.
Any pair (a, v), where a ∈ A and v ∈ Va is called a descriptor. From a
diﬀerent standpoint, every object u may be viewed as a mapping u : A 7→ V
Q
such that u(a) ∈ Va , i.e., U ⊆ {Va | a ∈ A}. From the mathematical point
of view, every object u is, thus, a set of descriptors u = {(a, a(u)) | a ∈ A}.
Therefore, granulation of objects on the basis of information contained in
A and formation of granules from sets of descriptors of A are equivalent.
As well-known, every set of attributes B ⊆ A induces an equivalence relation of B-indiscernibility of objects, indB , deﬁned for any objects u, u′ ∈ U
by
(u, u′ ) ∈ indB ⇔ ∀a ∈ B.a(u) = a(u′ ).

(2)

In other words, (u, u′ ) ∈ indB if and only if for every a ∈ B, (a, u(a)) =
(a, u′ (a)), i.e., if and only if u|B = u′|B . The equivalence class of u, [u]B ,
consisting of all objects which cannot be discerned from u by means of
attributes of B, is a B-elementary information granule.
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Mappings on U , assigning information granules to objects of U ,
may be called granulation mappings. Granulation mappings of the form
Γ : U 7→ ℘U , where for every u ∈ U , u ∈ Γu, are referred to as uncertainty mappings [60]. [·]B which assigns to every object u, its equivalence
class [u]B is an example of an uncertainty mapping. Now, we recall a pretty
universal recipe for construction of uncertainty mappings described, e.g.,
in [45]. To this end, suppose that for every attribute a ∈ B ⊆ A, a metric
and a threshold function, δa , fa : (Va )2 7→ [0, +∞), respectively, are given.
Deﬁne a family of uncertainty mappings Γa : U 7→ ℘U , parameterized by
attributes of B, as follows, for any objects u, u′ :
u′ ∈ Γa u ⇔ δa (a(u), a(u′ )) ≤ fa (a(u), a(u′ ))

(3)

In words, u′ is a member of the granule assigned to u by the mapping Γa if
and only if the distance between the values of a at u, u′ , given by δa , does
not exceed the threshold value fa (a(u), a(u′ )). Next, a global uncertainty
mapping, Γ, may be deﬁned as the intersection of the mappings Γa , i.e.,
def

Γu =

\

{Γa u | a ∈ B}.

(4)

Each Γa induces a tolerance relation ̺Γa , given by
def

(u′ , u) ∈ ̺Γa ⇔ u′ ∈ Γa u,

(5)

which is not an equivalence relation in general. Therefore, the relation ̺Γ ,
deﬁned by
def

(u′ , u) ∈ ̺Γ ⇔ u′ ∈ Γu,

(6)

is merely a tolerance relation as well.
A decision system is an IS of the form A = (U, C ∪ D), where C, D are
non-empty disjoint sets of condition and decision attributes, respectively.
Clearly, A is the result of merging of ISs C = (U, C) and D = (U, D). The
data table corresponding to A is referred to as a decision table [39, 42, 43].
In most cases, D consists of only one decision attribute, say d. Then, we
often write A = (U, C, d) instead of A = (U, C ∪ {d}).
As the set of descriptors {(a, a(u)) | a ∈ A} represents the information
accessible to an agent about an object u, information systems contain the
available information about a collection of objects. From the standpoint
of functionality, these information systems as well as their representations
in the form of data tables serve as granules comprising information about
classes of objects.
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Example 3.1. By way of illustration, let us consider a decision system
A = (U, A), where U consists of 8 objects (scholarship applications), denoted by 0, . . . , 7, and A consists of 6 condition attributes a0 , . . . , a5 (4 numerical and 2 nominal) and two decision attributes d0 , d1 (1 numerical and
1 nominal). Every object is speciﬁed in terms of such attributes as: studies (a0 ), year of studies (a1 ), mean result (a2 ), income of the family per
month per person (a3 ), age (a4 ), and place of residence (a5 ). The range
of a0 is Va0 = {m, ch, ph}, where m stands for ‘mathematics’, ch – ‘chemistry’, ph – ‘philosophy’; Va1 = {1, 2, 3}; Va2 ⊆ [3.0, 5.0]; Va3 ⊆ [800, 1200];
Va4 = {19, . . . , 22}; and Va5 = {c, t, v}, where c stands for ‘city’, t – ‘town’,
and v – ‘village’. Furthermore, the decision attribute d0 speciﬁes whether or
not the application is accepted and the form of a scholarship awarded. Its
range is Vd0 = {s0, s1, s2, s3}, where s0 represents the negative decision,
s1 is for ‘social scholarship’, s2 – ‘research scholarship’, and s3 – ‘both
social and reseach scholarship’. The second decision attribute, d1 , speciﬁes
the amount of money awarded per month, and Vd1 ⊆ [0, 500]. System A is
presented in Table 1.
Table 1
The decision system A
u

a0

a1

a2

a3

a4

a5

d0

d1

0

m

2

3.45

950

20

c

s1

200

1
2

m
ph

1
1

4.10
4.30

820
850

19
19

v
v

s3
s3

400
420

3
4

ch
ph

2
3

3.70
4.55

1130
1050

20
22

c
t

s0
s2

0
300

5
6

m
ch

2
3

3.75
4.40

980
1200

20
21

v
t

s1
s2

180
250

7

ch

2

3.95

850

21

c

s3

380

With each ai , we can associate an uncertainty mapping Γai , and similarly for the decision attributes. For example, let
def

u′ ∈ Γai u ⇔


ai (u′ ) = ai (u)



′

|ai (u ) − ai (u)| ≤ 0.25



 |ai (u′ ) − ai (u)| ≤ 75

if i = 0, 1, 4, 5,
if i = 2,

(7)

if i = 3.

Γai generate partitions of U for i = 0, 1, 4, 5, viz., Γ→
a0 U = {{0, 1, 5}, {2, 4},
→
→
{3, 6, 7}}, Γa1 U = {{1, 2}, {0, 3, 5, 7}, {4, 6}}, Γa4 U = {{1, 2}, {0, 3, 5},
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{6, 7}, {4}}, and Γ→
a5 U = {{0, 3, 7}, {4, 6}, {1, 2, 5}}. Thus, e.g. in the case
of Γa0 , the elementary information granules are the equivalence classes
{0, 1, 5}, {2, 4}, and {3, 6, 7}. Values of the uncertainty mappings Γa2 and
Γa3 are given in Table 2. These mappings generate coverings of U which,
nevertheless, are not partitions. Mappings Γai can be aggregated in many
ways. For instance, we can derive the following uncertainty mappings Γ, Γ′
(see Table 2):
def

def

Γu = Γa0 u ∩ Γa2 u & Γ′ u = Γa2 u ∩ Γa5 u

(8)

Observe that Γ→ U is a partition of U , whereas Γ′→ U is merely a covering.
Table 2
Values of Γa2 , Γa3 , Γ, and Γ′
u

Γa2 u

Γa3 u

Γu

Γ′ u

0

{0, 3}
{1, 2, 7}
{1, 2, 4, 6}
{0, 3, 5, 7}
{2, 4, 6}
{3, 5, 7}
{2, 4, 6}
{1, 3, 5, 7}

{0, 5}
{1, 2, 7}
{1, 2, 7}
{3, 6}
{4, 5}
{0, 4, 5}
{3, 6}
{1, 2, 7}

{0}
{1}
{2, 4}
{3, 7}
{2, 4}
{5}
{6}
{3, 7}

{0, 3}
{1, 2}
{1, 2}
{0, 3, 7}
{4, 6}
{5}
{4, 6}
{3, 7}

1
2
3
4
5
6
7

3.1. Neighbourhoods of Objects

As mentioned in the preceding section, an uncertainty mapping Γ on U
assigns to every object u, a granule of information Γu. One can easily see
that the corresponding binary relation ̺Γ , deﬁned like in (6), is a similarity relation. Objects similar to a given object may be viewed as close to
that object. As a consequence, Γu may be treated as a neighbourhood of u.
Obviously, a number of various uncertainty mappings on U may be taken
into account at the same time, say Γ0 , . . . , Γm . These mappings may be aggregated like we did before (cf. (4)) or they may be considered separately. In
the latter case, with every object u, there is associated a global information
granule Γu = (Γ0 u, . . . , Γm u) being, in fact, a sequence of neighbourhoods
of u.
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Example 3.2. In connection with the previous example, note that the
following global granules Γ′′ 0 = ({0, 1, 5}, {0, 3, 5, 7}, {0, 3}, {0, 5}, {0, 3, 5},
{0, 3, 7}) and Γ′′ 1 = ({0, 1, 5}, {1, 2}, {1, 2, 7}, {1, 2, 7}, {1, 2}, {1, 2, 5}), being sequences of neighbourhoods generated by Γai (i = 0, . . . , 5, respectively),
can be associated with objects 0, 1.
There arises a question how this happens that so many uncertainty
mappings can come into play. First, diﬀerent subsets of attributes B may
lead to diﬀerent uncertainty mappings. Secondly, starting with an uncertainty mapping Γ0 and taking into account (6), we can derive a sequence of
uncertainty mappings Γi (i = 0, 1, . . .) such that for any objects u, u′ :
def

u′ ∈ Γi u ⇔ (u′ , u) ∈ ̺Γ0 ◦ . . . ◦ ̺Γ0
|

{z

i+1

(9)

}

In particular, u′ ∈ Γ1 u if and only if (u′ , u) ∈ ̺Γ0 ◦ ̺Γ0 , i.e., if and only
if there is u′′ such that (u′ , u′′ ) ∈ ̺Γ0 and (u′′ , u) ∈ ̺Γ0 , i.e., if and only
if there is u′′ such that u′ ∈ Γ0 u′′ and u′′ ∈ Γ0 u. ̺Γ0 is reﬂexive, so is an
arbitrary composition of ̺Γ0 with itself. Therefore, Γ0 u, Γ1 u, Γ2 u, . . . may be
understood as the granules of the nearest neighbours, the 1-step neighbours,
the 2-step neighbours, and so on. It can happen that for some number i,
the relation induced by Γi is an equivalence relation 2. Since any further
iteration does not lead to new uncertainty mappings, the procedure may be
stopped.
Example 3.3. Continuing Example 3.1, it is worth noting that ̺Γa3 ◦ ̺Γa3 is
an equivalence relation, so the process of granule production may be stopped
at i = 1. The corresponding partition of U is equal to {{0, 4, 5}, {1, 2, 7},
{3, 6}}. For example, the granule of the 1-step neighbours of the object 0
equals to {0, 4, 5}.

4. Formulas and Rules as Labels of Granules
Adapting slightly Zadeh’s idea of computing with words, formulas and
rules may be viewed as linguistic labels representing information granules.
Computation on granules is performed with help of the labels attached to
these granules.
In information systems, the descriptor language is a formal language
commonly used to express and reason about properties of objects and con2

This always holds for finite U and ̺Γ0 being a tolerance relation.
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cepts [39, 42, 45]. We brieﬂy present this language starting with an information system A = (U, A) as earlier. For the sake of simplicity, elements of
A ∪ V are identiﬁed with their names playing the role of constant symbols.
Moreover, these symbols are the only terms. Commas and the round parentheses are auxiliary symbols. As primitive propositional connectives we may
take ∧ (conjunction) and ¬ (negation), whereas the remaining connectives
of disjunction, material implication, and double implication, ∨, →, and ↔,
respectively, can be deﬁned by means of ∧, ¬ along the classical lines. Descriptors, viz., pairs of the form (a, v), where a ∈ A and v ∈ Va , are atomic
formulas. Compound formulas are formed from the atomic ones as usual.
Formulas are denoted by α, β, possibly with sub/superscripts. The relation
of (crisp) satisﬁability of formulas for objects, |=, is understood in line with
the classical Tarskian approach, viz., for any formulas (a, v), α, β and any
object u,
def

u |= (a, v) ⇔ a(u) = v,
def

u |= α ∧ β ⇔ u |= α & u |= β,

(10)

def

u |= ¬α ⇔ u 6|= α.
With every formula α, there is associated an information granule kαk of
objects satisfying this formula, called the (crisp) meaning of α. In other
words, α is a label for the granule consisting of objects satisfying α. Thus,
k(a, v)k = {u | a(u) = v},
kα ∧ βk = kαk ∩ kβk,

(11)

k¬αk = U − kαk.
In the classical case, the satisﬁability of formulas is extended to the satisﬁability of sets of formulas 3 in such a way that for any set of formulas X
and any object u,
def

u |= X ⇔ ∀α ∈ X.u |= α.

(12)

Hence, the information granule associated with X, called the (crisp) meaning
of X, is the set
kXk =

\

{kαk | α ∈ X}.

(13)

In [25], we propose and discuss various rough forms of satisﬁability of formulas and sets of formulas for objects. For instance, given an uncertainty
mapping Γ : U 7→ ℘U and a threshold value t ∈ [0, 1], a formula α is said to
3

186

We use the same symbol |= for simplicity.

Rough Information Granules in Social Agent System Modelling
be satisﬁed for u to the degree at least t, written u |=t α, if and only if the
degree of inclusion of the granule Γu in the crisp meaning of α, measured
by a rough inclusion function (see Sect. 7), is not less than t.
Example 4.1. Consider a formula α = ((a1 , 2) ∧ (a3 , 850)) ∨ (a5 , v) of the
descriptor language for the decision system A from Example 3.1 which says
that the year of studies of a student is 2 and the income is 850, or a student
comes from a village. Then, kαk = (k(a1 , 2)k ∩ k(a3 , 850)k) ∪ k(a5 , v)k =
= ({0, 3, 5, 7} ∩ {2, 7}) ∪ {1, 2, 5} = {1, 2, 5, 7}. Let us assume that for any
object ui (i = 0, . . . , 7) and t ∈ [0, 1], ui |=t α if and only if #(Γu ∩
kαk)/#Γu ≥ t. Hence, if t > 1/2, then ui |=t α for i = 1, 5; if 0 < t ≤ 1/2,
then ui |=t α for i = 1, 2, 3, 4, 5, 7; and, ﬁnally, ui |=0 α for every i.
A rule is a pair r = (Pr , Cr ) of ﬁnite sets of formulas Pr and Cr of premises and conclusions of r, respectively. By assumption, the set of conclusions
is non-empty. Rules will be denoted by r with sub/superscripts if needed.
Sets Pr and Cr are information granules built of formulas on the basis of
functionality. On the other hand, ‘Pr ’ and ‘Cr ’ are labels for the granules
consisting of all objects of U which satisfy the sets Pr , Cr , respectively. In
data mining and knowledge discovery (KDD), induction of classiﬁcation (in
particular, decision) rules as well as association rules is of particular interest [1, 2, 4, 28, 29, 30, 32, 34, 36, 69, 71]. For the lack of space, we give
a few details about decision rules only. Such rules are typically extracted
from decision systems with one decision attribute. The set of premises of a
decision rule r consists of descriptors with diﬀerent attribute symbols 4 and
the set of conclusions of r contains a single descriptor of the form (d, v) only,
where d is the decision attribute and v ∈ Vd .
In general, premises and conclusions of a rule may be understood differently, viz., application of rules may be treated as a game between two
agents. One agent checks whether or not a rule is applicable to an object
and communicates the result to the second agent. Then, the latter agent
applies the rule to the object. Therefore, let us consider two forms of satisﬁability of sets of formulas for objects, |=1 , |=2 , and the corresponding
forms of meaning k · k1 , k · k2 . The meaning of a rule r is deﬁned as the
pair krk1,2 = (kPr k1 , kCr k2 ) of information granules kPr k1 , kCr k2 , so r is a
label for an information granule being an ordered pair of granules. Furthermore, we can say that r is applicable to an object u if and only if u |=1 Pr ,
i.e., u ∈ kPr k1 . More generally, r is applicable if and only if there is u such

4

A conjunction of such descriptors is called a template.
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that u |=1 Pr , i.e., kPr k1 6= ∅. More about rules and their rough applicability
can be found in [24, 26].
Example 4.2. From the decision system considered in Example 3.1, one can
derive the following exemplary rules: r1 = ({(a1 , 1), (a5 , v)}, {(d0 , s3 )}), r2 =
= ({(a4 , 19), (a5 , v)}, {(d0 , s3 )}), and r3 = ({(a1 , 1) ∨ (a4 , 19), (a5 , v)},
{(d0 , s3 )}). Clearly, the latter rule is obtained from the ﬁrst two rules, being decision rules, by combination of premises (a1 , 1), (a4 , 19). By way of
example, r2 informally says that if a student is 19 and comes from a village,
then he/she will be awarded a social and scientiﬁc scholarship. Note that
k(a1 , 1)k = k(a4 , 19)k = k(a1 , 1) ∨ (a4 , 19)k = {1, 2}, k(a5 , v)k = {1, 2, 5},
and k(d0 , s3 )k = {1, 2, 7}. Moreover, kPr1 k = kPr2 k = kPr3 k = {1, 2}
and kCr1 k = kCr2 k = kCr3 k = {1, 2, 7}. Hence, each and every rule ri
(i = 1, 2, 3) is applicable in the crisp sense to objects 1, 2, and it is valid
in A since kPri k ⊆ kCri k.

5. Rule Complexes
Informally speaking, rule complexes are sets having a nested structure
and built of rules over some language [20, 22]. They are examples of complexes of objects, where rules are taken as objects. It should be emphasized
that neither complexes of objects nor even rule complexes are information
granules by deﬁnition. However, they may be viewed as such granules if the
objects forming them are clustered on the basis of some kind of similarity
or functionality. For instance, rules building an agent’s value complex are
drawn together for they all represent or at least are related to the agent’s
values and norms. Another example of a rule complex, being an information
granule, is a rough classiﬁer brieﬂy described in Section 5.1.
Let us overview the notion of a complex of objects 5. A program with
embedded procedures is both a prototypical rule complex as well as an
example of an information granule formed on the basis of functionality.
In the deﬁnition below, empty complexes of objects are excluded for the
sake of convenience only. Given a non-empty set of objects U , the class of
all complexes of objects upon U (or, simply, complexes of objects if U is
understood), C(U ), is the least class of sets which contains U and is closed under the following formation rules: (CPL1) every non-empty subset of
a complex of objects is a complex of objects; (CPL2) every non-empty set of
5
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complexes of objects is a complex of objects; and (CPL3) the set-theoretical
union of any non-empty set of complexes of objects is a complex of objects.
A characteristic feature of complexes of objects is the possibility of multiple
occurrences of objects in the same complex of objects although every such
complex is actually a set.
In the domain of complexes of objects, the usual set-theoretical notions
of an element and a subset of a set can be generalized to the notions of
a generalized element and a subcomplex of a complex of objects. First, an
object or a complex of objects x is a generalized element (or g-element) of
a complex of objects X, x ∈g X, if x occurs in X, i.e.,
def

x ∈g X ⇔ x ∈ X ∨ ∃n ∈ N.∃X0 , . . . , Xn .x ∈ X0 ∈ . . . ∈ Xn ∈ X. (14)
Given t ∈ [0, 1] and a family of rough membership functions 6 µX : U 7→ [0, 1],
where X is any complex of objects upon U , a rough version of g-membership
can be obtained. We can say that an object u is a generalized element
(or g-element) to the degree t of a complex of objects X, µgX (u) = t, if
µX (u) = t or there exists a complex of objects Y being a g-element of X
that µY (u) = t, i.e.,
µgX (u) = max{µY (u) | Y = X ∨ Y ∈g X}.

(15)

In the sequel, a complex of objects X is referred to as a subcomplex of
a complex of objects Y , X ⊑ Y , if X = Y or X can be obtained from
Y by removing some g-elements of Y , copies of the empty set which may
appear after removing g-elements, and useless parentheses. For instance, let
Y = {{{{u, u′ }, u}, u′′ }, u′ } be the original complex of objects. By removing
u, u′ from {u, u′ } as well as u′′ , we obtain Y ′ = {{{∅, u}}, u′ } which, nevertheless, is not a complex of objects. At the next step, we remove ∅ to arrive
at Y ′′ = {{{u}}, u′ }, already being a complex of objects and a subcomplex
of Y . For simplicity, we may decide to remove the external parentheses in the
expression ‘{{u}}’ to obtain X = {{u}, u′ } being another subcomplex of Y .
Every element is also a g-element and every non-empty subset is a subcomplex of a complex of objects, yet the converse may not hold in general.
Both being a g-element and being a subcomplex are transitive. Note also
that every complex of objects being a g-element of a complex of objects X
is a subcomplex of X.

6 The notion of a rough membership function goes back to Pawlak and Skowron [46].
More details can be found in Sect. 8.1.
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Example 5.1. Consider the universe U from Example 3.1, granulated by Γ.
Sets X1 = {1, 2}, X2 = {1, 3, 4}, X3 = {2, X2 }, and X4 = {1, 2, X1 , X3 } are
exemplary complexes of objects upon U . In the case of X4 , its elements are
1, 2, X1 , and X3 . Apart from the elements just mentioned, the g-elements
of X4 are 3, 4, and X2 . Examples of subcomplexes of X4 are its non-empty
subsets, {1, {2}, {3, 4}}, and {1, 2, {2, {4}}}. Assuming that for any object
u and a set of objects X, µX (u) = #(Γu ∩ X)/#Γu, we obtain
µgX4 (ui )

=


0




0.5



1

if i = 0, 5, 6,
if i = 2, 3, 4, 7,

(16)

if i = 1.

5.1. Rough Classiﬁers

A decision system contains information about classiﬁcation of a given
set of objects U into some, pairwise disjoint classes C0 , . . . , Cm (m ∈ N) of
objects. The classiﬁcation task consists in mapping any object examined,
regardless it belongs to U or not, to exactly one of these classes. Where
m = 1, the classiﬁcation resolves into decision making whether or not
an object belongs to C0 (or, equivalently, C1 ). Rough set techniques and
other soft computing technology provide a number of algorithmic tools to
extract decision rules from decision systems for the purpose of classiﬁcation
of unseen objects [4, 5, 28, 29, 30, 36, 69]. Mining classiﬁcation rules of a satisfactory quality from a decision system A = (U, A, d) resolves itself into
computation of suitable reducts of A. Informally speaking, a reduct of A
is a set of attributes B ⊂ A such that the classiﬁcation of objects under
the set of attributes B is almost the same as in the case of the primary
set of attributes A. Most of the methods oﬀered by the rough set theory
to determine exact reducts 7 are based on computation of prime implicants
of a Boolean function what is NP-hard [58]. Therefore, various heuristics
are proposed to compute approximate reducts which are suboptimal, yet
obtained in a shorter time.
Having obtained a set of decision rules is not suﬃcient for the purpose
of classiﬁcation. We need to have at our disposal methods for judging applicability of rules, for carrying these rules into eﬀect, and for solving conﬂicts
and inconsistencies which possibly can occur. In this way, we arrive at the
notion of a rough classiﬁer for a concept or a set of concepts. Any such
classiﬁer is a set of decision rules together with meta-rules (methods) for
7
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rough judgment of applicability, rough rule following, and resolving conﬂicts
among rules. Clearly, a rough classiﬁer is a granule of information based on
functionality.

6. Collective Agents
Examples of collective agents are coalitions, teamworks, nations, states, institutions, companies, associations, school classes, economic clusters,
and swarms. A collective agent is a collection of individual agents and/or
other collective agents together with interconnections among the members
as well as interaction rules and procedures, plans, values and norms, judgmental procedures, objectives and goals, intentions, commitments, beliefs
and knowledge, consciousness, action modalities, etc. which are shared by
the group members 8. A collective agent is more than a system of agents
just because of the assumption of sharing. A distinction is made about being shared and being common. In the former case, members of a collective
agent need not to reﬂect on what they share, and they may not be conscious that others share or not share something. On the other hand, being
a common value, rule, belief, or anything is a very robust feature. In this
case, members of a collective agent not only share the thing but also they
are conscious of their sharing, they are conscious that others are conscious
of their sharing, and so on [8, 13, 14, 15, 17].
In our terms, collective agents are compound information granules consisting of two sorts of objects: (i) individual or other collective agents and
(ii) systems of shared rules, values, beliefs, interaction procedures, and so on.
Rule complex is just a mathematical tool which seems to be suitable for modelling and analyzing collective agents.
6.1. Economic Clusters

Among collective agents one can distinguish economic clusters. The notion of an economic cluster, going back to Porter [56, 57], has gained much
interest since its introduction in the 90’s of the 20th century (see, e.g., [6],
other web pages, and articles on economic clusters). It is a vague concept
related to a social and economic phenomenon that in spite of globalization
of market and excellent opportunities for making businesses via internet,
8 Clearly, what is shared among the members of a collective agent – and to which
extent – depends on the agent and the situation of interaction, e.g., members of the group
may share a goal or some interaction rules only.
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geographical location is still fundamental to competition of companies. According to Porter who considers a variety of economic clusters,
“[c]lusters are geographic concentrations of interconnected companies and institutions in a particular ﬁeld.”

Obviously, economic clusters are not merely associations of similar objects
like companies in some industry sector. They comprize heterogenous objects like governmental or private institutions (including universities and
research centres), various associations, and a number of companies 9. The
world well-known clusters are the California wine cluster, Silicon Valley,
Hollywood, the ﬁnance cluster on Wall Street, the Massachusetts biotechnology cluster, the Italian leather fashion cluster, the Dutch transportation
and ﬂower clusters, and the cluster of built-in kitchens and appliances in
Germany. Other typical examples of clusters are tourism clusters functioning
successfully in a large number of countries. There is a conviction that cluster formation is an essential ingredient of economic development in the 21st
century. From our perspective, economic clusters are information granules
based on functionality. In an economic cluster, objects (i.e., institutions and
companies) are interdependent and interconnected by (in)formal links and
are located in a relatively short distance from one another. Both competition and cooperation occur. Companies in a cluster aim both at their own
economic outcomes as well as the development of the region. Last but not
least, objects draw a substantial productive advantage from their nearness
and interconnections.

7. Pawlak’s Rough Approximation of Sets of Objects
The foundations of the theory of rough sets were laid by Pawlak in the
early 80’s of the 20th century [40, 41, 42, 44]. The starting point was the
notion of an information system recalled in Sect. 3. The classical Pawlak
rough set model is based on an equivalence relation of indiscernibility of
objects.
In this section, we concisely present Pawlak’s rough set model based
on an arbitrary equivalence relation ̺ on a non-empty set of objects U
considered as the universe of discourse. Objects are considered as equivalent
if they cannot be discerned from one another. As earlier, the equivalence
9
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class [u] of an object u is an elementary information granule. Any subset of U
is viewed as a concept. Concepts being set-theoretical unions of elementary
granules are referred to as deﬁnable. Even if a concept is not deﬁnable in
this sense, it can be approximated from the inside and the outside by a pair
of concepts which are already deﬁnable. In this way, we arrive at the famous
notions of the lower and upper rough approximations of a concept. For any
concept X ⊆ U , the lower and upper rough approximations of X, low∪ X
and upp∪ X, respectively, are deﬁned by
low∪ X =

[

{[u] | [u] ⊆ X} & upp∪ X =

[

{[u] | [u] ∩ X 6= ∅}. (17)

low∪ X, viewed as the positive region of X, is the largest deﬁnable concept
included in X. In other words, low∪ X consists of all objects u which certainly belong to X since all objects indiscernible from u are members of X.
On the other hand, upp∪ X is the least deﬁnable concept containing X or,
from another standpoint, upp∪ X is the set of all objects u which possibly
belong to X as at least one object indiscernible from u is a member of X.
The complement of upp∪ X may be viewed as the negative region of X. The
diﬀerence
def

bnd∪ X = upp∪ X − low∪ X

(18)

is called the boundary region of X. A concept X is exact if its boundary
region is empty; otherwise X is referred to as rough. It turns out that a concept is deﬁnable if and only if it is exact. Moreover, the pair (U, ̺) is called
a rough approximation space. It is worth noting that the lower and upper
rough approximations of a concept may also be given by
lowX = {u | [u] ⊆ X} & uppX = {u | [u] ∩ X 6= ∅},

(19)

respectively, whereas the boundary region of X may be deﬁned as bndX =
= uppX − lowX. Indeed, one can easily see that
[

{[u] | [u] ⊆ X} = {u | [u] ⊆ X},

[

{[u] | [u] ∩ X 6= ∅} = {u | [u] ∩ X 6= ∅}.

(20)

Let us recall fundamental properties of the lower and upper rough approximations.
Proposition 7.1. For any concepts X, Y , it holds:
(a) lowX ⊆ X ⊆ uppX
(b) low∅ = upp∅ = ∅ & lowU = uppU = U
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(c) X ⊆ Y ⇒ lowX ⊆ lowY & uppX ⊆ uppY
(d)
(e)
(f)
(g)

low(X ∪ Y ) ⊇ lowX ∪ lowY & low(X ∩ Y ) = lowX ∩ lowY
upp(X ∪ Y ) = uppX ∪ uppY & upp(X ∩ Y ) ⊆ uppX ∩ uppY
uppX = U − low(U − X)
low(lowX) = upp(lowX) = lowX & upp(uppX) = low(uppX) =
= uppX

Some comments can be handy. According to (a), the lower rough approximation of a concept is included in that concept, and every concept is included
in its upper rough approximation. In virtue of (b), both the empty set and
the whole universe are exact (and deﬁnable) concepts. Due to (c), the operations of lower and upper rough approximations are monotone. (d) says
that the lower rough approximation of the union of two concepts contains
the lower rough approximations of both concepts, whereas the lower rough
approximation of the intersection of two concepts equals to the intersection
of the lower rough approximations of those concepts. (e) is an analogous
property for the upper rough approximation, viz., the upper rough approximation of the union of two concepts coincides with the union of the upper
rough approximations of these concepts, and the upper rough approximation of the intersection of two concepts is included in the intersection of the
upper rough approximations of the concepts. By (f), the operations of lower
and upper rough approximations are dual. Finally, (g) says that the lower
and upper rough approximations of a concept are already exact (and also
deﬁnable) concepts.
Example 7.2. (Continuation of Example 3.1.) The uncertainty mapping Γ
induces the partition P = {{0}, {1}, {2, 4}, {3, 7}, {5}, {6}} of U . Starting
with P , one can compute the lower and upper rough approximations of the
concept X = {1, 2, 7} as the sets {1} and {1, 2, 3, 4, 7}, respectively. Since
the boundary region of X is equal to {2, 3, 4, 7}, X is rough and undeﬁnable
in terms of information granules constituting P . Examples of exact and
deﬁnable sets are {1} and {1, 2, 3, 4, 7}.

8. Two Generalizations of Pawlak’s Approach
In this section, we recall two important generalizations of the Pawlak
rough set model. First, Ziarko [82, 83] introduced a model known as the
variable-precision rough set model (VPRS-model for short) and based on
an indiscernibility relation, where concepts are approximated in terms of
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variable-precision positive and negative regions instead of lower and upper rough approximations. Next, Skowron and Stepaniuk [59, 60] presented
a rough set model based on a tolerance relation 10, where concepts are approximated by means of rough lower and upper approximations, yet deﬁned
diﬀerently than in the classical case. In Skowron–Stepaniuk’s framework,
rough inclusion functions (RIFs for short) play an important role and the
fundamental notion is that of a parameterized approximation space. The classical Pawlak’s model was extended and reﬁned in several other directions
as well. For instance, approximation spaces based on arbitrary non-empty
binary relations are investigated in [19]. The reader interested in other developments is referred, e.g., to [21, 27, 47, 48, 51, 55, 67, 68, 69, 70, 71,
73, 74, 76].
8.1. Rough Inclusion Functions and Rough Membership Functions

Broadly speaking, a rough inclusion function (RIF) upon U is a mapping κ : (℘U )2 7→ [0, 1] which measures the degree of inclusion of a concept in a concept of U . Polkowski and Skowron have axiomatically characterized RIFs within rough mereology, a formal theory of the notion of
being-part-to-degree [49, 50, 52, 53, 54]. The most known example of a RIF
is the standard one, κ£ , deﬁned for ﬁnite universes. The idea behind
this notion goes back to Lukasiewicz [33]. For any ﬁnite concepts X, Y ,
κ£ (X, Y ) = #(X ∩ Y )/#X if X is non-empty, and κ£ (∅, Y ) = 1. Clearly,
the deﬁnition may be extended to the case of inﬁnite second arguments.
In our approach, every RIF κ is assumed to fulﬁl rif1 and rif2 given
below:
def

rif1 (κ) ⇔ ∀X, Y.(κ(X, Y ) = 1 ⇔ X ⊆ Y )
def

rif2 (κ) ⇔ ∀X, Y, Z.(Y ⊆ Z ⇒ κ(X, Y ) ≤ κ(X, Z))
The above conditions are in accordance with the axioms of rough mereology. One can easily see that κ£ satisﬁes both of them. Other exemplary
properties which might also be postulated are
def

rif3 (κ) ⇔ ∀X 6= ∅.κ(X, ∅) = 0,
def

rif4 (κ) ⇔ ∀X 6= ∅.∀Y.(κ(X, Y ) = 0 ⇔ X ∩ Y = ∅),
def

rif5 (κ) ⇔ ∀X 6= ∅.∀Y.κ(X, Y ) + κ(X, U − Y ) = 1.
Like in the fuzzy set theory, one can measure the degree of membership of
an object in a concept of U . Rough membership functions just serve the pur10

This assumption was relaxed to the case of a similarity relation later on.
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pose. In this way, the crisp notion of membership in a set is extended to the
case of reasoning under vague information within the rough set theory [46].
Given a concept X in a rough approximation space (U, ̺), where U is ﬁnite
and ̺ is an indiscernibility relation, the rough X-membership function is
deﬁned in [46] as a mapping µX : U 7→ [0, 1] such that for any u ∈ U ,
µX (u) = #([u] ∩ X)/#[u],

(21)

i.e., µX (u) = κ£ ([u], X). This deﬁnition can be extended to the case of an
arbitrary universe of objects U , any RIF κ upon U , and any uncertainty
mapping Γ : U 7→ ℘U . Namely, for any concept X, the rough X-membership
function, µX : U 7→ [0, 1], may be deﬁned as follows, for any object u:
µX (u) = κ(Γu, X)

(22)

82. The VPRS Model

Ziarko reﬁned Pawlak’s rough set model by introducing degrees of precision of approximation [82, 83]. In Ziarko’s framework, concepts are approximated in terms of the s-negative regions and the t-positive regions of concepts, where the signiﬁcance threshold parameters s, t satisfy 0 ≤ s < t ≤ 1.
The original VPRS model is based on an equivalence relation, say ̺, of indiscernibility of objects. For every target concept X ⊆ U , the existence of
a prior probability value Pr(X) is assumed. The value can be estimated from
a ﬁnite data sample U ′ ⊆ U by Pr(X) = κ£ (U ′ , X). Pr(X) is understood as
the probability of the event that an object belongs to X. With every equivalence class [u], viewed as an elementary information granule as earlier,
there is associated a conditional probability value Pr(X|[u]), understood as
the probability that an object u′ belongs to X provided that u′ is indiscernible from u. For ﬁnite equivalence classes, this probability is estimated by
Pr(X|[u]) = κ£ ([u], X). Instead of lower and upper rough approximations,
variable-precision negative and positive regions of concepts are considered.
In detail, the s-negative region, the t-positive region, and the (s, t)-boundary
∪
∪
region of a concept X, written neg∪
s X, post X, and bnds,t X, respectively,
are deﬁned by
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neg∪
sX =

[

pos∪
t X =

[

bnd∪
s,t X =

[

{[u] | Pr(X|[u]) ≤ s},
{[u] | Pr(X|[u]) ≥ t},
{[u] | s < Pr(X|[u]) < t}.

(23)
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In words, the s-negative (resp., t-positive) region of X is the union of all granules [u] that the conditional probability Pr(X|[u]) does not exceed (resp.,
is not less than) a given threshold value s (resp., t). The (s, t)-boundary
region of X is the union of all remaining equivalence classes. For ﬁnite U ,
the above equalities take the following forms:
neg∪
sX =
pos∪
t X =
bnd∪
s,t X =

[

{[u] | κ£ ([u], X) ≤ s}

[

{[u] | κ£ ([u], X) ≥ t}

(24)

[

{[u] | s < κ£ ([u], X) < t}

As in the case of Pawlak’s lower and upper rough approximations, the
variable-precision negative, positive, and boundary regions can be deﬁned by
negs X = {u | κ£ ([u], X) ≤ s},
post X = {u | κ£ ([u], X) ≥ t},

(25)

bnds,t X = {u | s < κ£ ([u], X) < t},
∪
∪
respectively, since neg∪
s X = negs X, post X = post X, and bnds,t X =
= bnds,t X. Moreover, if s = 0 and t = 1, then negs X = U − uppX and
post X = lowX, i.e., the s-negative region and the t-positive region become
the negative region and the positive region, respectively.
The notions of variable-precision negative and positive regions of a concept can be generalized to the case of an arbitrary RIF κ and an arbitrary
similarity relation ̺. After necessary modiﬁcations of (24) and (25), we can
obtain, for example,

neg∪
sX =
pos∪
t X =
bnd∪
s,t X =

[

{̺← {u} | κ(̺← {u}, X) ≤ s},

[

{̺← {u} | κ(̺← {u}, X) ≥ t},

[

{̺← {u} | s < κ(̺← {u}, X) < t},

negs X = {u | κ(̺← {u}, X) ≤ s},

(26)

post X = {u | κ(̺← {u}, X) ≥ t},
bnds,t X = {u | s < κ(̺← {u}, X) < t}.
Unlike in the indiscernibility-based case, neg∪
s X and negs X need not to
coincide, and analogously for the remaining pairs of concepts.
Example 8.1. (Continuation of Example 3.1.) Suppose that the granulation
of U is induced by the uncertainty mapping Γa2 , and the RIF considered is
standard. In Table 3, we give the t-positive and t-negative regions of the concept X = {1, 2, 7} for various values of t. As regarding the variable-precision
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boundary regions, we obtain, e.g., bnds,t X = {4, 5, 6} for 0 < s ≤ 1/4 and
1/3 < t ≤ 1/2.
Table 3
The t-positive and t-negative regions of X
t

post X

negt X

{0}
(0, 1/4]
(1/4, 1/3]
(1/3, 1/2]
(1/2, 1]

U
{1, . . . , 7}
{1, 2, 4, 5, 6, 7}
{1, 2, 7}
{1}

{0}
{0, 3}
{0, 3, 4, 5, 6}
{0, 2, . . . , 7}
U

8.3. Parameterized Approximation Spaces

Skowron and Stepaniuk generalized Pawlak’s rough set model to the
case of similarity-based approximation of concepts. The notion of a parameterized approximation space, introduced in [59, 60] and elaborated in
a series of articles, inﬂuenced the further research on the theory and the
applications of approximation spaces. Let U be a non-empty set of objects,
$ be a list of tuning parameters to obtain a satisfactory quality of approximation, Γ$ : U 7→ ℘U be a mapping called an uncertainty mapping and
assigning to every object u ∈ U , a set of objects in some sense similar to u,
and κ$ be a RIF upon U . It is assumed that ∀u.u ∈ Γ$ u, and indiscernibility
is treated as a special case of similarity. Elementary granules of information
are of the form Γ$ u, where u is an object of U .
A parameterized approximation space is a triple M$ = (U, Γ$ , κ$ ),
where any concept X ⊆ U can be approximated by its lower and upper
approximations, lowS X and uppS X, respectively, such that
def

def

lowS X = {u | κ$ (Γ$ u, X) = 1} & uppS X = {u | κ$ (Γ$ u, X) > 0}. (27)
According to this deﬁnition, lowS X consists of all objects u that their elementary granules are included in X to the degree 1. On the other hand,
uppS X is the set of all objects that their elementary granules are included
in X to some positive degree. The boundary region of X, bndS X, can be
deﬁned as the set
bndS X = {u | 0 < κ$ (Γ$ u, X) < 1}.
For simplicity, we shall omit $ unless necessary.
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In parameterized approximation spaces, concepts can also be approximated in a number of other ways, e.g. in line with Pawlak’s rough approximation. By way of example, the lower and upper approximations of X may
be given by
def

def

lowX = {u | Γu ⊆ X} & uppX = {u | Γu ∩ X 6= ∅},

(29)

respectively, whereas the boundary region of X may be deﬁned as bndX =
= uppX − lowX. By rif1 (κ), lowS X = lowX, yet uppS X = uppX needs
not to hold 11. When κ is standard and Γ→ U is a partition of U , the lower
and upper approximations deﬁned by (27) coincide with Pawlak’s lower and
upper rough approximations, respectively.
Every uncertainty mapping Γ induces a reﬂexive relation ̺Γ on U such
def
that (u′ , u) ∈ ̺Γ ⇔ u′ ∈ Γu (cf. (6)), and vice versa, starting with a reflexive relation ̺ on U understood as a relation of similarity of objects, an
def
uncertainty mapping Γ̺ : U 7→ ℘U , deﬁned by u′ ∈ Γ̺ u ⇔ (u′ , u) ∈ ̺,
can be derived 12. Therefore, we can think of a similarity-based rough approximation space as a structure M = (U, Γ, κ) above or N = (U, ̺, κ), where
̺ is a reﬂexive relation on U .
Example 8.2. Consider an approximation space M = (U, Γ′ , κ), where U
and Γ′ are as in Example 3.1, and κ is a RIF such that for any non-empty
concept X and any concept Y , κ(X, Y ) = 0 if and only if uppX ∩uppY = ∅.
Hence, X ∩ Y 6= ∅ implies κ(X, Y ) > 0, but the converse may not hold.
Indeed, {3}, {1, 2, 7} are disjoint, whereas upp{3}∩ upp{1, 2, 7} = {0, 3, 7}∩
{1, 2, 3, 7} = {3, 7}, i.e., κ({3}, {1, 2, 7}) > 0. Furthermore, for any concept
X, uppX ⊆ uppS X. However, the both forms of approximation are diﬀerent.
Namely, upp{1, 2, 7} = {u | Γ′ u ∩ {1, 2, 7} =
6 ∅} = {1, 2, 3, 7}, whereas
uppS {1, 2, 7} = {u | κ(Γ′ u, {1, 2, 7}) > 0} = {u | upp(Γ′ u)∩{1, 2, 3, 7} =
6 ∅} =
= {0, 1, 2, 3, 7}.

9. Summary
In this paper, we discussed the possibility of using the methodologies
of rough sets and granular computing to build a rule-based model of a multiagent system. The main assumption of our approach is that the universe
11

Among others, the equality holds true if κ is standard.
As a matter of fact, ̺ induces two different uncertainty mappings unless ̺ is symdef
metric. Apart from Γ̺ , we obtain Γ∗̺ such that u′ ∈ Γ∗̺ u ⇔ (u, u′ ) ∈ ̺.
12
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of all objects considered is granulated into information granules, i.e. clusters of objects formed on the basis of similarity or functionality. According
to our idea, both agents and their systems, being complex objects of some
kind, may be viewed as information granules. Apart from a brief overview
of various aspects regarding the modelling of agent systems, we presented
several examples of information granules which can be useful in such modelling. Furthermore, the classical Pawlak model of rough sets and its two
extensions were recalled. Various detailed questions concerning social agent
system modelling, mentioned in Introduction, will be elaborated in the future work.
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